The genetic code is examined in a new and systematic fashion: we consider the code as mapping of one finite set (the 64 codons) to another (the 20 amino acids). Given a class of mappings simpler than the actual code, we ask which mappings best approximate it. This leads to an analysis of the effects of ambiguities (codon degeneracy) in one or two positions. With the 0-1 metric (counting the amino acids as equal or not equal), the codon third base degeneracy is apparent, but the first and second positions are indistinguishable; with the integrated amino acid "distance" metric compiled by Sneath ( J . Theoret. Biol. 12 (1966), 157-195), the analysis ranks the information content of the three codon positions as follows: 2nd > 1st > 3rd. We discuss possible further applications of this approach to patterns in the genetic code and other codes. 0 1988 Academic Press. Inc.
INTRODUCTION
There has been interest in characterizing patterns in the genetic code since it was first elucidated: the grouping of codons that code for the same amino acid is an obvious example [3]; a second example is the grouping of codons that code for similar (but not identical) amino acids. Here, similarity is usually defined in terms of one or more chemical characteristics of the amino acids (e.g., hydrophobicity). Several methods, some more formal *Supported by the System Development Foundation. than others, for analyzing these patterns have appeared in the literature. For representative examples, see Alff-Steinberger [l] , Crick [4] , Goldberg and Wittes [6] , Jungck [9] , McKay [12] , Pelc and Welton [13] , Swanson [16] , Volkenstein [17] , and Woese [18] ; several of these papers are reprinted in Jungck [lo] . From early on (see [4, 71) up to the present (see the collection of papers in [lo] and the recent review by Jukes [8] ), proposed patterns in the genetic code have been a cornerstone for many of the arguments concerning evolution of the code. This work has taken on a new dimension with the recent discovery that mitochondria employ genetic codes that differ from the "universal" code (see the review by Cedergren [20] ).
In this paper we examine the genetic code in a new and systematic way. The genetic code is formally viewed as mapping of the 64 codons (triplets of RNA bases) to the 20 amino acids and the termination operator (Table   I) illustrates the "universal" genetic code). There are 2164 = 4 X loa4 possible mappings. Though it is impossible to examine all of these maps, we do select a subset relevant to current questions concerning the genetic code and analyze them in detail.
In particular, our view of the genetic code as a mapping of one finite set to another enables us to ask which mappings, selected from a set of mappings that are simpler than the actual genetic code, best approximate the genetic code. Development of these classes of mappings is motivated by the fact that codons are base triplets, and it formalizes the observation that certain bases in various codon positions are equivalent (or almost equivalent) for the amino acid specified. An unbiased assessment of wobble [3] results from this analysis.
Our first analysis, counting amino acids as equal or not equal, shows the 3rd base degeneracy but does not distinguish between the first two bases. Biological "folklore" ranks codon position importance as follows: 2nd > 1st > 3rd. Our analysis using an amino acid distance metric gives this same ranking. This is the first analytical derivation of the ranking. Beyond this application to the genetic code itself, the analysis provides a generalized approach for finding patterns in mappings of finite sets.
ANALYSIS OF THE GENETIC CODE

Patterns in the Genetic Code
Viewed abstractly, the genetic code is a language in which 64 possible combinations of the four bases-uracil (U), cytosine (C), adenine (A), and guanine (G)-taken three at a time specify either a single amino acid or peptide chain termination. With 64 possible "words" and 21 possible "meanings," there is clearly the potential for different codons coding for leucine  lysine  methionine  phenylalanine  proline  serine  threonine  tryptophan  tyrosine  valine identical amino acids. This is in fact the case: many pairs of codons that differ only in the third position base code for the same amino acid. On the other hand, a pair of codons differing only in the first or second position most often code for different amino acids. Crick [3] proposed a unified model, called the "wobble hypothesis," for all codon-amino acid ambiguities, based on ambivalent interactions between codons and anticodons (the RNA unit that mediates the transfer of information from the codon to the ribosome that polymerizes the amino acids). In this model, codon-anticodon interactions for the first and second positions are based on the normal Watson-Crick base pairing. However, codon-anticodon interactions for the third codon position, although involving base-pairing, are such that the anticodon base can alternatively pair with more than one base. For example, G can pair with U as well as C. By invoking a class of these atypical base pairs, the model accounts for the observed degeneracies in the genetic code. The model is supported by the observed specificities of trinucleotides binding to tRNA's (Sol1 e? al. [15] ).
While the wobble hypothesis is a well-accepted explanation of the third-position degeneracy, other aspects of the patterns apparent in the genetic code have not been as amenable to analysis. There have been many proposed groupings of codons based on various chemical characteristics of the amino acids they code for; for instance, a correlation between amino acid chemical structure (hydrophobicity) and the base in the second position of the codon has been proposed by several groups [18, 13,171.
Alff-Steinberger [l] analyzed the code from the point of view of determining whether or not it was an error minimizing code. He compared the error transmitting property of the universal code with that of computer-generated random codes, considering amino acids properties such as molecular weight, polar requirement [19], and number of dissociating groups. He concluded that for the universal genetic code, single-base substitution in the first position of the codon tends to result in the substitution of an amino acid more similar to the original amino acid than would be expected from a random code; the second position plays the largest role in determining the properties of the amino acid.
Alff-Steinberger's work is the closest in the literature to our own. He compares the effects of single base substitutions in the first or second codon position on the resulting amino acid. These computations are performed for the "universal" code and a number of random codes. Our own work quite simply looks for position-dependent patterns in the "universal" code. This basic analysis has not been previously performed, perhaps due to difficulties in definition and computation. See also Ehrenfeucht et al. 
The Genetic Code as a Mapping
The biological context of protein synthesis suggests consideration of the genetic code as a mapping which relates two specific sets, the set of trinucleotides (codons) and the set of amino acids (and the termination signal). This formalism should provide a useful basis for answering questions about correlations between patterns in the code and the structural/functional properties of both the cellular machinery for synthesizing proteins and the proteins themselves. We seek to define sets of mappings that account for patterns in the genetic code. Mappings can be defined that allow evaluation of ambiguities in one or more positions. Here we analyze the effects of ambiguities in one or two positions; the results are compared with known effects of single base substitution.
General Description and Notation
Let N = {A, C, G, U } be the set of nucleic acids, C = {(x1x2x3): x,, x 2 , x3 E N} be the set of 64 codons and A be the set of the 20 amino acids and the termination codon TC.
Let the mapping g: C + A be such that it assigns to each triplet in C an amino acid in A exactly as shown in Table I . That is, g is the usual genetic code. For example, g(ACG) = Thr while g(UGG) = Try. g is simply a function with domain C and range B.
As can be seen in Table I , any two triplets having the first two bases in common and whose third base is either U or C, code for the same amino acid. This leads to consideration of a collection of 16 disjoint subsets of C:
To describe this behavior of the genetic code in mathematical terms, we notice that for all i , g(x) = g(y) for x, y E Xi, i = 1,. . . ,16.
Our interest is in finding this and similar patterns in a systematic and quantitative manner. Not all of these patterns hold universally so we introduce a measure which expresses the agreement between a pattern and the genetic code. First, however, we give a general definition of a pattern, which includes the example just discussed. DEFINITION 1. Let { X,, X,, . . . , X , } be a collection of disjoint subsets of C. For this collection, we define a pattern to be a mapping f satisfying
Notice that in the above example
For example, X, collects the two triplets UAU and UAC that have the first position U, the second position A, and a U or C in the third. A short way to denote this collection of sets is {UC}, indicating that the two first bases of the triplets are any fixed elements of the set N but the third base is either U or C . The associated pattern will be f(u,c),, for convenience. In another example, let Xi = {(x1xzx3): x, E {A,C} or x3 E {U,G}} for each x2 E N. Then UiX, = {A,C} X N X N U N X N X {U,G} and the collection will be denoted {A, C}, U {U, G}3. * *
Pattern Comparison
Next, we define the notion of distance between patterns. This is important because we want to find patterns that are "close" to the genetic code. DEFINITION 2. Let d be a metric on the set A. A distance d between two patterns f and h will be given by xcc Remark. We remark that d is a metric on the set of patterns. For example, take
This distance is referred to as "0-1" distance.
Obviously, the smaller the value of d, the greater the agreement between the patterns f and h being considered. Our interest is in patterns f with d( f, g ) small. The criteria will be based on the amino acids assigned to the triplets in each particular Xi under the pattern f. Before stating the criteria, we give the following definition. DEFINITION 3. The cardinality of the domain of a pattern f is defined to be the number of Xi's plus the number of elements in the set C -UiXi.
The wobble hypothesis of Crick motivates this definition. We will denote the domain of f by D(f) and the cardinality of the domain by lD(f)l.
It is also useful to consider the amino acids that it is possible to express under a pattern f. When assigning amino acids to the triplets of a particular X, we must make choices for the amino acids. This is done in a way that minimizes the value of d( f , g) and at the same time maximizes the range of the pattern. When both conditions cannot be satisfied simultaneously, then the condition on the distance prevails. Mathematically it means that we find the pattern f satisfying
(1) AUU codes for isoleucine; AUG codes for methionine. Let the collection be { U , G } , ; then f ( A U U ) = f(AUG). Therefore the amino acid assigned is either isoleucine or methionine. If we take d as the 0-1 distance, for either of the two choices, the assignment of amino acids contributes one unit to the value of d(f, g), but the second choice maximizes the range of f .
(2) Take Example 1 above but with { U , G , A } , ; then f ( A U U ) = f ( A U A ) = f(AUG). Since A U A codes isoleucine in the "universal" genetic code, in order to minimize the distance between f and g, the choice is to assign isoleucine to each of the triplets.
Pattern Enumeration
Our interest is in those patterns defined by restricting the alphabet in one or two positions of the codon. By this we mean that the triplets in X , have two bases in common in the first case and one in the second case. Notice that if the triplets of each Xi have two bases in common, we will have 16 such X,'s and, if the triplets in each Xi have one base in common, we will To determine the number of patterns defined by single positions we consider all possible subsets of N with cardinality 2, 3, and 4. Let M be one such subset and Xi = {(x1x2x3): x k E M} with x i E N with i # k.
If M has two elements, there are (i) = 6 possible subsets. These 6 subsets will determine 6 patterns for each position in the codon. Thus, the total number of these patterns is 18. If M has three elements, there are (:)= 4 possible subsets of N with three elements each, determining 12 patterns.
,
. have four such X,'s. Thus, the total number of distinct patterns defined by two positions in the triplets is 591. 
NUMERICAL RESULTS
3.1.
As stated before, all patterns we constructed here are defined by restricting the alphabet in one or two positions of the codons. Since the distance between two patterns, by Definition 2, depends on the metric we choose for the set of amino acids, we w i l l first consider the "0-1" distance determined by the metric 6 of the example following Definition 2 (i.e.,
d ( f ( x ) , h ( x ) )
= Z x E C ( l -6,,,(x)). Second we choose as the metric for the amino acid that given by Sneath [14] and we w i l l refer to the corresponding distance as the "Sneath distance."
Patterns Dejined by Single Positions
The 33 patterns constructed here are those that identify two, three or four patterns to reflect the effects already known about single-base substitution. 
The "0-1" Distance
The main features of the numerical results summarized in Table IV are discussed below:
(1) When identifying the pair of pyrimidines (U and C) in the third position, the corresponding pattern f(u,cl, is exactly the genetic code. Therefore we get d(f(u,c13: g) = 0 and the assignment is unique which means that there is no possible loss of amino acids in the range.
(2) When identifying the pair of purines (A and G) in the third position, the corresponding patterns differ from the genetic code by two assignments. Thus d(f{A,G13, g) = 2 and the best of these patterns has the same amino acids as the universal genetic code.
The two features above are frequenctly noted by other authors and are cited and discussed by Crick (1968).
(3) The third position of a codon is less relevant in identifying the amino acid. Indeed the fL, is always much smaller for position i = 3 for every subset L of N. This is shown by the above facts and the following: the best of the patterns f{u,C,A,G), differs from the genetic code by 15 assignments. This is the largest distance from the genetic code among all patterns defined by the third position while the smallest distance between patterns defined by the second position and the genetic code is 15 and the smallest distance between patterns defined by the first position and the genetic code is 14.
To formalize the relative importance of position over all the patterns, we apply the Friedman test. The Friedman test is a nonparametric test which ranks, for each pattern, the position by relative size (see [ l l , p. 2621). For example, in Table IV for f{u,c),, the distances for the first row are 14, 16, 0 for i = 1,2,3. We replace this row by the ranks 2,3,1. Then each column is totaled with R j = sum of column i. We have k = 3 columns and n = 11 rows. In Table IV With an overall level of significance equal to 0.06, each of the 6 comparisons has probability 0.01 and we declare R i > R j if R i -R j 2 (2.326)(6.6332) = 15.43. In this way, R, > R, and R, > R, but no decision is made regarding R, and R,.
It is important to notice that in this analysis the termination codons "TC" are included in the range of each mapping or pattern. 
The "Sneath" Distance
Before we discuss the numerical results which are summarized in Table V we need to make some important remarks:
(1) Since the "Sneath table" of distances between amino acids (Sneath, 1966) does not include the termination codons, we arbitrarily assign 0 to the distance between any amino acid and the termination signals TC. (2) Because of the nature of the Sneath metric, the resulting minimum distance between the genetic code and the corresponding patterns leads, in most cases, to a unique pattern.
Next we discss the numerical results:
(1) When identifying the pair of pyrimidines (U and C) in the third position, the corresponding pattern f{u,c), is exactly the genetic code, therefore d ( f { u , c ) 3 , g) = 0. (2) The third position is the least relevant among the three. Again, the i = 3 column is always much smaller than i = 1 or i = 2 for each pattern. Also notice the fact that the largest distance between a pattern and the genetic code when restricting the alphabet in the third position is d ( f(U,C,A,G)3r g) = 294 , while the smallest distance between the genetic code and patterns defined by restricting the alphabet in the second position is 324 and the smallest distance between patterns defined by the first position and the genetic code is 235.
(3) The second position is the most sensitive to substitutions and this is reflected by the fact that all the distances between the patterns defined by this position and the genetic code are larger than the corresponding ones defined by the first or third position.
The Friedman test is again applied to analyze the relative importance of i = 1,2,3. R , = 22, R, = 33, and R, = 11. At what cy can we declare R, > R, > R,? Now again o = 6.6332 so note that R, -R , = R , -R , = 11 so that 11 = 1 . 6 6~. Thus 4 6 = 0.05 and OL = 0.30 is necessary to declare R , > R, > R,. The evidence for this ranking is fairly good but not entirely compelling. A more detailed analysis with double positions in Section 3.3 lends more weight to this ranking.
Patterns DeJned by Double Positions
The 591 patterns considered here are those that identify one or more nucleotides in each of two positions of the codon, as illustrated by f{p,G)2U{U,C)3 in Section 2.6. The extensive data produced for the "0-1" distance and the Sneath distance is available on request but, in the interest of space, not reproduced here. Instead, the predominant features of the data are studied by the Friedman test. The three columns of the tables correspond to position pairs (i = 1, j = 2); (i = We have three columns with 197 rows, so that u = Let R , correspond to positions 1 and 2; R, correspond to positions 1 and 3; R, correspond to positions 2 and 3.
For the "0-1" distance, R , = 590.5; R , = 238; R, = 353.5. (Here ties are resolved by splitting ranks.) The smallest difference is R, -R, = 5 . 8~ which is a significant difference with a = 2 X lop8. The differences are even more highly significant with the Sneath distance, giving a ranking of R , > R, > R,. Translating into position pairs, we write ' {1,2} > {2,3} > {1,3}.
Thus we conclude that positions { 1,2} are the most important in determining amino acids. In fact the ranking of position 2 > position 1 > position 3 is suggested by these results.
SUMMARY
The genetic code is formally viewed as a mapping of one finite set (the 64 codons) to another (the 20 amino acids and termination operator). There are 2164 = 4.19 X possible mappings from a set of 64 to a set of 21 objects. By taking into account the biological setting of our problem, we selected a subset of mappings that are simpler than the universal genetic code. Such a selection is motivated by the fact that the codons are base triplets and that certain bases in various codon positions are equivalent (specify the same amino acid) or almost equivalent (specify amino acids with very similar properties).
To formalize the comparison between the genetic code and any of the mappings chosen, a distance between any two mappings is defined. The resulting distance of course will depend on the metric over the set of amino acids that we choose. In this analysis, only two metrics were considered, the 0-1 metric (counting amino acids as equal or unequal), and the Sneath metric (integrated amino acid distance, compiled by Sneath in 1966). With the 0-1 metric the codon third base degeneracy is significant but the effects of the first and second position are indistinguishable. The Sneath metric shows a significant difference in the effects over each of the three positions, taking them as 2nd > 1st > 3rd, agreeing with the biochemical results.
This study can be extended to consider, individually, various amino acid properties such as water structure former, water structure breaker, mobile electrons, heat and age stability. It will be of interest whether or not the patterns obtained for the Sneath metric hold up for these individual properties. Other obvious areas of interest concern the new mitochondrial codes which have small changes from the "universal" code [20]. These changes in the mitochondrial codes do not seem to fit the general patterns we have deduced for the universal code.
